The WWM (wind wave model) is extended to describe wave refraction-diffraction for wind waves propagating over a rapidly varying seabed in the presence of current. The wave diffraction effect is introduced into the wave action balance equation through the correction of wavenumber and propagation velocities using a diffraction corrected parameter. The formulation is based on the mild-slope equation for wave refraction-diffraction with current effect for a rapidly varying sea bottom. The WWM was used for the numerical implementation based on a finite element scheme. The present model was tested for wave diffraction in a number of different cases, namely from an elliptical shoal on a wave tank, from a cylinder in the presence of a current and from a detached breakwater build on a sloping beach. The comparison of predictions with other numerical models and experiments show that the validity of the model for describing wave propagating over a rapidly varying bottom with current effect is satisfactory. The implementation of this phase-decoupled refraction-diffraction approximation in WWM shows capability of the present model can be used in most practical engineering situations.
Introduction
The combined effect of wave refraction-diffraction can be described by using the mild-slope equation (MSE) which was first derived by Berkhoff (1972) . The MSE is a phase resolving wave model to account for wave transformations from deep water to shallow water slowly varying on the scale of wavelength. Many studies have attempted to extend the MSE to account for waves propagating over a rapidly varying seabed (e.g. Kirby, 1986; Massel, 1993; Chamberlain and Porter, 1995; Wen, 2001a, 2001b x is the onshore direction, y is the longshore direction, and h is the mean water depth. This equation may be applicable to solve for the case where the sea bottom configuration is abruptly varying and offshore reefs and bars are present on the seabed.
More recently Porter (2003) presented an alternative form of MSE that has simplicity of the standard form for MSE and corrects a singular point of jump conditions for any topography. A similar approach was also reported by Kim and Bai (2004) . They derived a complementary MSE (CMSE) using Hamilton's principle in terms of the stream function. Their model can avoid the discontinuity problem of the velocity potential based MSE on the seabed and provide more accurate results when compared with MSE and EMSE. Hsu et al. (2006) also presented a higher-order CMSE for waves obliquely propagating over a sloping bottom by using a depth function considering the effect of bottom slope and wave angle perturbed to the second-order.
The influence of ambient current fields on the MSE derived using Luke's variation principle was given by Kirby (1983 Kirby ( , 1984 and by Dingemans (1985) . It has to be remarked that all quantities of k , ω and σ can be determined for a linear wave-current interaction system with the help of the dispersion relation, the Doppler-shift relation, and the condition of irrotationality of k, where ( cos , sin ) k k k θ θ = is the wavenumber vector, k k = the wavenumber, θ the wave propagation angle, ω the absolute frequency, and σ the relative frequency in the wave-current coexisting system. The Boussinesq models (e.g. Peregrine, 1967; Madsen and Sorensen, 1992; Nwogu, 1993; Wei et al., 1995; are also the other typical types of phase resolving models for describing combined wave refraction and diffraction. The model is depth averaged and in terms of Boussinesq equations (BE) of mass and momentum conservation. It has the advantage to account for wave transformation in the deep and shallow water regions including wave breaking, energy dissipation and wave-current and wave-wave interactions. Their efforts successfully extended the usefulness of Boussinesq models such that wave evolution from relatively deep water to the breaking point could be accurately described. Recently Gobbi and Kirby (1999) , Gobbi et al. (2000) , and Madsen et al. (2002) have developed new approximations of BE valid for highly dispersive and nonlinear waves. Although their BEs significantly improve the characteristics of wave nonlinearity and dispersion, the equations are too complicated to be applied in real applications.
Both numerical models of MSE and BE require a higher resolution in both time and space domain, so that the length or time scale should be at the order of a small fraction of the wavelength and period. This implies that the phase resolving models require a large amount of memorial storage in computation, and are not suitable for the application to a large coastal area. In addition, the real sea state is in a notable randomness, traditional MSE does not account for this physical process. The wave spectral models, like WAM (acronym for WAve Model) (WAMDI group, 1988) and SWAN (acronym Simulating WAve Nearshore) Ris et al., 1999) are phase averaged wave models used to compute the variation of wave spectra for random short-crested waves in coastal waters. The effects of refraction are readily accounted for, but wave diffraction is not taken into account in these models. Booij et al. (1997) and Rivero et al. (1997) tried to add wave diffraction to a spectral model in which the diffraction effect is introduced into the propagation velocities through the modified wavenumber obtained from a energy balance equation of MSE. Mase and Takayama (2001) argued that their model seems to be unstable in the numerical calculation due to the higher-order derivatives of the diffraction parameter. He thus developed a simple and robust spectral model based on an energy balance equation combined with an energy dissipation term and a diffraction term. According to Holthuijsen et al. (2003) , the model is limited to the real application because the diffraction-induced turning of the wave direction is not simulated.
Recently Holthuijsen et al. (2003) proposed an alternate in which a combination of the two different types of wave models is implemented to add wave diffraction obtained from MSE to the spectral model. The method has the benefit that large-scale computations remain flexible as long as the required high resolutions nearby the diffraction region are retained using nested grids or instructed grids. This phase-decoupled model still retains all physical processes of energy generation, dissipation and wave-wave interactions. The computational efficiency is not so complicated that the character of random waves is inherent. Holthuijsen et al.'s (2003) method is a phase-decoupled approach by adding the diffraction-induced turning rate of the waves obtained from MSE to the SWAN model. The model has been verified in many cases that are more diffraction-prone than in the intended range of applications in which verifications were made in small-scale conditions with random, shorted-crested waves. However, in real conditions offshore reefs and bars are present on the sea bed, the bottom configuration is generally arbitrary and extremely complicated. Furthermore, there usually exists an ambient current field on the sea due to wind shear stress or gradient of driving forces. It is desirable to extend Holthuijsen et al.'s (2003) refraction-diffraction phase decoupled wave model to a more realistic condition for engineering practice.
In this paper, following the approach of Holthuijsen et al. (2003) , the WWM developed by is formulated to take diffraction as an addition to the diffraction-induced directional turning rate of the components in a continuous spectrum. The present approximation has been coded with finite element method (FEM) technique in the iterative scheme of WWM. The extended refraction-diffraction in WWM can be applied in most situations such as islands, breakwaters, or headlands where wave diffraction is dominant. The model that includes the higher-order bottom effect terms and an ambient current is extended to account for wave refraction-diffraction for a rapidly varying sea bottom with a current. Several computational cases with waves traveling over a abruptly varying topography with current fields were performed to test the validity of the model. The relative importance of the higher-order terms that influence the wave diffraction is also examined. as well as the influence of ambient current fields on the EMSE are considered, the EMSE is given by 
is the amplitude of the velocity potential;
is the phase function;
is the complex unit; g is the gravitational accelerative; ) , (
is the current vector. The detailed derivation of Eq. (1) is referred to the text book of Dingemans (1997) .
Upon substituting the expression for the velocity potential iS ae = φ into the EMSE as given in Eq. (1) and taking the real part, we obtain the resulting eikonal equation due to wave diffraction is expressed in the form
where c and g c are phase and group velocity, respectively. The usual relation between the absolute frequency ω and relative frequency σ for linear wave-current coexisting system is given by
where cos sin
denotes the dot product of the ambient current velocity along the wave propagation direction. Eq. (4) represents a newly defined wavenumber due to wave diffraction in which the affecting terms consist of diffraction at the tip of the structures, rapid change of bathymetry and current fields. Substituting Eq. (5) into Eq. (4), the new wavenumber can be solved and the expression is given by
where N δ denotes a diffraction-corrected parameter defined by
In Eq. (6) we notice that the value of the newly defined wavenumber K is reasonable if the root square value is always positive and the plus and minus sign should be drop off as the value of K is negative. In the case of an ambient current is absent and the rapidly varying bottom configuration terms are neglected. Eq. (7) is readily consistent with the method provided by Holthuijsen et al. (2003) 
in which m δ denotes a diffraction corrected parameter define by
According to Eq. (6), in the presence of an ambient current the diffractioncorrected group velocity is given by
is the diffraction-corrected group velocity vector, and
is the modified group velocity. The formal derivation of Eq. (9) can also be completed using general mathematical properties of the phase function without assuming the diffraction effect (e.g. Dingemans, 1997) .
The Action Balance Equation
The evolution of the wave spectrum is described by the wave action balance equation which is used in SWAN and WWM. The equation is expressed by Cartesian coordinates as follows.
is the wave action density spectrum; t is the time; x c and y c are the wave propagation velocities in x and y components, respectively; σ c and θ c are the wave propagation velocities in σ and θ spaces, respectively; S S total= / σ is the source term and S is the spectral density of wave energy representing the combined effects of wave generation, dissipation and nonlinear wave-wave interactions. The wave transformation in the nearshore region is described by the action balance equation rather than the energy equation, because the wave action density spectrum is conserved for the presence of current, but the energy spectrum is not.
Adding wave diffraction to the action balance equation involves only replacing c x , c y , c σ and c θ by the corrected corresponding propagation speeds C x , C y , C σ and C θ , respectively. When wave diffraction is included and the phase-decoupled approximation is used, the expressions for the wave propagation speeds are modified by the turning rate of the directional change of a single wave component as it travels along the wave ray with the group velocity. Their derivation is based on a physically oriented geometric argument in the presence of an ambient current. The resulting expressions for the propagation speeds in the geographic and frequency spaces are given, respectively, by
Referring Eq. (7), we notice that the diffraction-corrected parameter N δ is expressed in terms of the wave amplitude a and a projection of current velocity along the wave propagation velocity of linear wave theory. For computational convenience in the phase-decoupled model, it is plausible to change the normalized derivatives of a instead of the normalized derivatives of the square root of the action density ) ,
, so that N δ is replaced by the following expression: The inclusion of wave diffraction term in the expressions of Eqs. (12)- (15) for the turning rate of wave propagation velocities provides a straightforward way to the expansion of the action balance equation for describing wave transformation in the nearshore region. This implies that the present phase-decoupled approximation can account for wave refraction-diffraction of random waves for an arbitrary bathymetry in the presence of an ambient current. With the addition of phase-decoupled diffraction in WWM, the spectral action balance equations changes from a second-order equation to a four-order equation. By separating the numerical treatment of diffraction-corrected parameter δ N from the numerical formulation of refraction, a conventional spectral model for refraction can be extended to this approximation of diffraction.
The Numerical Schemes
By adding the phase-decoupled diffraction to the action balance equation, the expressions for the group velocity g C of Eq. (10) and the turning rate of propagation velocities on the geographic and spectral spaces with the diffraction corrected parameter N δ have been implemented in WWM. This model is an improved approximation by using FEM for wind wave simulations in both large scale oceanic deep water and small-scale shallow water regions. The FEM code with unstructured grids improves the numerical schemes of nested grid in SWAN to maintain computational economy and accuracy for practical applications. The splitting method proposed by Yanenko (1971) was utilized in WWM. This method provides an useful technique that allows us to study the physical features of the corresponding terms in the governing equations, because numerical diffusion may occur over a wide range of selected time and length-scale without violating stability conditions. The action balance equation is divided into the geographic and spectral dimensions to construct efficient numerical schemes and increase numerical stability. According to , the wave propagation in the geographic space is solved by FEM, the wave propagation in the frequency space is solved by the Crank-Nicolson method, and the evolution of action density in the frequency space is solved by the flux corrected transport method.
In each of the iteration of the original numerical scheme, the FEM is supplemented to the diffraction-corrected parameter N δ . Appling the weighting residual procedure, the gradient operator of the parameter N δ of Eq. (16) can be expressed as 
where i j ψ is the constant value of the jth node over the ith element.
i j ϕ is the linear shape function over the triangular element. The FEM uses variable resolution grid that permits the model to have a higher spatial resolution near obstacles where wave diffraction is significant and a coarse resolution where the computational domain is far from the obstacle and such high resolution is not required.
Diffraction of random, short-crested waves can also be computed as the superposition of solutions for a number of incident monochromatic, directional waves, each computed independently by diffraction terms in EMSE by considering current effects and using FEM schemes which were developed by . In each computation, the amplitude of the monochromatic wave is taken as N a = for each grid point. The action density N is thus used to estimate the value of N δ by means of Eq. (7) and replace wavenumber K by the wavenumber k without diffraction and the turning rate of wave propagation speeds x C , y C , C σ and C θ are corrected using Eqs. (12)-(15). All the new defined propagation velocities are inserted into the action balance equation to solve the spectral density N again. The estimation of N δ is repeated based on the values of the action density N obtained from the preceding iteration. The iteration procedure is continued in the convolution cycle until the change in new spectral action density is less than some tolerance.
Model Validation
The main purpose of adding the phase-decoupled refraction-diffraction approximation to the action density equation in the conditions of a rapidly varying sea bottom with current effect is to obtain a reasonable estimate of wave diffraction in a large-scale computation in WWM. The waves are assumed to be random, short-crested and non-coherent. To verify the validity of the present model, it requires observations or superior computations with convincing diffraction effects in such conditions. However, these are not available due to the difficult measurements in the real situations. Instead, as having done by previous researchers we consider small-scale computations for which such observations are available from tests of laboratory. Two different numerical cases were tested in such conditions of random, short crested wind wave transformations over a rapidly varying bottom with significant diffraction effects in the presence of currents. The verification provides an estimate of our confidence that if the model performs reasonably in these conditions, it will almost certainly runs certainly within the proper range of applications.
5-1 Elliptical Shoal
The present phase-decoupled WWM model was applied to predict wave transformations due to an elliptical shoal. The shoal rest at the bottom of a laboratory wave tank has major and minor radii of 3.96m and 3.05m respectively. The experiment was conducted by Vincent and Briggs (1989) for waves propagate across the shoal having significant refraction effects with wave amplitude variations including caustics. The monochromatic, unidirectional waves were simulated. For this case, the incident waves are approximated with a spectrum with one frequency and very narrow Gaussian directional distribution around the mean direction like the δ -spectrum. The incident wave height and period are 0.055m and 1.30sec, respectively. In the computation, the directional spreading is taken as 15 [ ] The wave fields have been computed by WWM with and without diffraction effects. The computational results were compared with the experiments of Vincent and Briggs (1989) and with the numerical results of EMSE developed by Hsu et al. (2003) . The comparison of wave patterns is presented in Figure 1 for both of the monochromatic and random unidirectional incident waves. In the figure, Figure 1 Vincent and Briggs (1989) and monochromatic wave heights calculated by WWM with and without diffraction at Section 1 and Section 2.
5-2 Semi-infinite Breakwater
Consider a situation with a semi-breakwater, vertical, rigid breakwater in the water with constant depth. The effect of diffraction on the turning rate of the waves is estimated by the present phase-decoupled approximation model. The unidirectional, monochromatic waves the same with the wave conditions given in section 5.1 approaching the breakwater perpendicularly from bottom to top are given in Figure 3 . The wave field in this case can be obtained using the analytical solution of Sommerfeld (1986) in terms of the normalized wave height. In the WWM computation the semi-breakwater is assumed to be fully reflected and the incident wave are approximated with the same δ -spectrum as above. It is evident from 
5-3 Breakwater Gap
A physical model test of combined refraction and diffraction of both regular and random waves with narrow and broad frequency and directional spreading through a breakwater gap was conducted by Yu et al. (2000) to measure the wave field through a breakwater gap. The breakwater is a vertical wall with rounded tips in 0.35m width and gaps are Figures 5 and 6 shows the distribution of normalized wave height for both of monochromatic and random unidirectional waves propagating in a wave basin through a gap in an infinitely straight breakwater, respectively. It is evident from right panels of Figures 5 and 6 that the contours of wave heights predicted by the present phase-decoupled WWM model are similar to that of the Sommerfeld solution, but the WWM results without diffraction are poor to reproduce the wave pattern. It is worthwhile to note that an overshoot off the central line is reproduced in the phase-decoupled model, which is close to the observations. 
Conclusions
The phase-decoupled refraction-diffraction approximation for waves propagating over a rapidly varying topography with an ambient current for spectral wave modal WWM was developed in this study based on MSE. Diffraction is formulated as an addition term to the refraction-induced directional turning rate of the individual wave components in a given wave spectrum. The approximation has been coded with FEM technique in the iteration propagation schemes of WWM. The model has been verified for the cases that diffraction are more significant in the presence of a current on rapidly varying sloping bottom. The computational results are reasonably in good agreement with observations and results of refraction-diffraction models.
